Abstract. Parabolic equations with unbounded coefficients and even generalized functions (in particular Dirac-delta functions) model large-scale of problems in the heat-mass transfer. This paper provides estimates for the convergence rate of difference scheme in discrete Sobolev like norms, compatible with the smoothness of the differential problems solutions, i.e with the smoothness of the input data.
Introduction
The present paper continues the study for convergence of finite difference schemes of the model heat equation with concentrated capacity in [11] , [12] . In the heat capacity coefficient the Dirac-delta distribution is involved and as a result, the jump of the heat flow at the interface point is proportional to the time derivative of the temperature. Dynamical boundary conditions correspond to concentrated capacity on the boundary [5] , [7] , [19] . These problems are nonstandard and the classical analysis is difficult to be applied for error estimates and convergence proof. The finite difference method for parabolic problems with discontinuous data (coefficients, initial and boundary conditions) is based on associated weak solutions [17] , [20] , [30] . For these problems the most used tool for studying convergence of the difference solutions is the Bramble-Hilbert lemma and its generalizations [4] , [6] . The theory of difference scheme convergence rate estimates compatible with the smoothness of the differential problem solutions was developed first for elliptic problems in papers of Samarskii, Lazarov and Makarov, cf. the monograph [23] . Further development of this theory is presented in [8] , and especially, results for parabolic problems. The basic physical model corresponding to the parabolic problems considered in the present paper is that of heat-transfer, where the process take places in two adjoining bodies at different scale in each body. The diffusion through thin layers, divided the bodies has high specific heat. We consider the limiting case, when the thickness of the layers goes to zero and where the specific heat goes to infinity. The simplest mathematical model of this phenomena is derived in [26] and its further development in [5] , [19] . Our aim is to treat these problems as a first order abstract-evolution equation (1) , with selfadjoint positive linear operators A, B, defined in Hilbert space H and then to use energy methods from the theory of Hilbert spaces. Discrete analysis of appropriate subspaces of the Sobolev spaces are used and yet that allow the discrete operators to be selfadjoint of the space involved. In this first stage we obtain a priori estimates for the discrete solutions. The second important idea of the method consists in constructing the special integral representations of the error of the difference schemes. This allows us by applying imbedding Sobolev's theorems to obtain more accurate estimates. We do not use the Bramble-Hilbert lemma. The remainder of this paper is organized as follows: energy estimates for the solutions of an abstract Cauchy problem for a first order evolution equation and for an operator-difference scheme can be found in the next section. These auxiliary results are used in the next sections for obtaining a priori estimates to the derivation of convergence rate estimates in special discrete Sobolev norms of difference schemes approximations to heat equation with discontinuous coefficients and dynamical conditions of conjugation, i.e in which the time derivative of the solution is involved. We also treat parabolic equations with dynamical boundary condition and elliptic equation with dynamical condition of conjugation. The method proposed here is applied to analogous hyperbolic problem in [13] , see also [25] . Energy stability for a class of two-dimensional interface parabolic problems is investigated in [15] , while the stability of difference schemes for parabolic equations with dynamical boundary conditions and conditions on conjugation is analyzed in [16] . Two-dimensional elliptic problems in which the Dirac-delta function appears in the lowest coefficients are treated in [9] and [14] , while finite-difference approximation for Poisson's equation with a dynamic boundary condition is given in [29] . Convergence of difference schemes on classical solutions for parabolic and hyperbolic equations with dynamical boundary conditions or dynamical conditions of conjugation are studied in [1] , [2] , [3] , [28] .
Preliminary Results
Let H be a real separable Hilbert space endowed with inner product (·, ·) and norm · and S -unbounded selfadjoint positive definite linear operator, with domain D(S) dense in H. The product (u, v) S = (Su, v) (u, v ∈ D(S)) satisfies the inner product axioms. Reinforcing D(S) in the norm u S = (u, u) [17] , [21] ). We also define the Sobolev spaces W [17] . Let A and B be unbounded selfadjoint positive definite linear operators, not depending on t, in Hilbert space H, with D(A) -dense in H B . In general, A and B are noncommutative. We consider an abstract Cauchy problem [20] , [30] .
where u 0 is a given element in
The following proposition holds. 
Lemma 1. The solution u of the problem (2.1) satisfies a priori estimates:
h . Let ω τ be an uniform mesh on (0, T ) with the step size τ = T /m, ω
Further we shall use standard denotation of the theory of difference schemes [22] . We consider the simplest two-level operatordifference scheme
where v 0 is a given element in H h , ϕ(t) is also given and v(t) -unknown function with values in H h . Let us also consider the scheme 
The solution v of the problem (2.4) satisfies a priori estimates:
Heat equation with concentrated capacity
Let us consider the initial boundary value problem for the heat equation with concentrated capacity at the interior point x = ξ [5] , [18] , [19] :
where
is the Dirac distribution [27] . It follows from (3.1) that the solution of this problem satisfies at (
and at x = ξ -the conditions
It is easy to see that the initial boundary value problem (3.1)-(3.3) can be reduced in the form (2.1) letting H = L 2 (0, 1),
.
Further we assume that the function c(x) is continuous on [0, 1] and a(x) has finite jump in the point x = ξ.
The functional spaces
. . . The following assertion holds true.
The first assertion immediately follows from (3.5) and the boundness of c(x). The second one follows from (3.4), the boundness of a(x) and the Friedrich's inequality
We prove the third assertion. Using the equality
Hence, using the equality Aw = −a w − a w , the boundness of a and c, and the imbedding W
We already have proved
Let us estimate w L 2 (0,ξ) :
Further, using imbedding W
¿From here it follows
In an analogous way one can estimate w L2 (ξ,1) . Let consider the eigenvalue problem
As it is known its spectrum is discrete, all eigenvalues λ i are positive, and the eigenfunctions w i are orthogonal in H B [26] . The inequality holds
Now, the third assertion follows from (3.6)-(3.9). We also define the spaces
) on x and t and applying Lemmas 1 and 3 we obtain the following assertion.
(Q 2 ) and the compatibility conditions hold
and the last compatibility conditions hold, then the problem (3.1)- (3. 3) has unique solution u ∈ W 4,2 2 (Q).
The difference scheme. Let
. We assume that the condition holds
We approximate the problem (3.1)-(3.3) on the meshω h ×ω τ by the implicit difference scheme with averaged right hand side
is the mesh Dirac function and T [8] , [23] :
We note that these operators are commutative and map derivatives into difference relations, for example,
Let H h be the set of all mesh functions on the meshω h equal to zero at x = 0 and x = 1. We define the inner products
with corresponding norms
h . The difference scheme (3.10)-(3.12) can be written in the form (2.3) letting
and
, where B 0h w = (1+δ h ) w. We define the mesh spaces W k 2,h and W
2,hτ (k = 0, 1, 2), with norms: 
From Lemmas 2 and 5, and the inequality (3.16)
the a priori estimate for the problem (3.13)-(3.15) follows (3.17)
Therefore, in order to estimate the rate of convergence of the difference scheme (3.10)-(3.12) in the norm W 1, 1/2 2,hτ it is sufficient to be estimated the right hand side of (3.17). We let
Using the integral representation
and summing on the mesh nodes, we immediately get
Next, we let
The integral formulas
. The addendum ψ can be presented in two forms:
and also (3.22) ψ(x, t) = 1
Representation (3.22) implies the estimate (3.23)
Using again (3.22), we get (3.24)
. Now (3.21) gives (3.25)
In an analogous way can be estimated the expression
Finally, from (3.17), (3.19) , (3.20) , (3.23), (3.24), (3.25) and the imbedding theorem we get the desired convergence rate estimate of the difference scheme (3.10)-(3.12).
Theorem 1. Let the assumptions of the second part (ii) of Lemma 4 hold. Then
(3.26)
3.4.
Convergence of the difference scheme in L 2,hτ . We approximate the initial condition (3.3) as follows
Let u be the solution of the initial boundary value problem (3.1)-(3.3) and v -the solution of the difference problem (3.10), (3.11), (3.27) . The error z = u−v satisfies the conditions
where ψ is the same in the Section 3.3,
Lemma 6. The solution of the difference scheme
, with initial and boundary conditions (3.14) , (3.15) , satisfies the a priori estimate:
The proof is analogous to the proof of Lemmas 1 and 2. Using lemmas 2,5 and 6 for the difference scheme (3.28)-(3.30) we get the a priori estimate
Using the integral representations (3.21) and (3.22) , the decomposition ψ = T − t ψ + (ψ − T − t ψ) and the technique described in [10] , we obtain the estimate (3.32)
, at x > ξ, and again the technique in [10] , leads to the estimate (3.33)
From the estimates χ 12 and χ 13 (see (3.20)) we immediately find (3.34)
implies the estimate (3.35)
∂(c u)( · , t) ∂x
2 (Q2) . Finally, by an analogous way as at the estimation of ψ, we get
2 (Q2) . Now, from (3.31)-(3.36) we obtain the desired convergence rate estimate of the difference scheme (3.10), (3.11), (3.27):
Theorem 2. Let the following assumptions hold:
Remark. In the estimate (3.37) the requirements for the smoothness of a and c in the differential equation (3.1) 
In the expressions a x (ξ − ) and axx(ξ − ) the value a(ξ) must be replaced with a(ξ − 0) and in the expressions a x (ξ) and axx(ξ + ) the value a(ξ) must be replaced by a(ξ + 0). We approximate the boundary and the initial conditions as above with (3.11) and (3.12) . With respect to the meshω h we suppose that c 0 ≤ 2 and h + = h at x = ξ. The error z = u − v, where u is the solution of the problem (3.1)-(3.3) and v -the solution of difference problem (3.38), (3.11), (3.12), satisfies the difference scheme
with homogeneous boundary and initial conditions (3.14) and (3.15). Here
We also denote
It is easy to be verified the assertions.
] and the maximal step size ofω h is sufficiently small
(h max ≤ (1/6 − ε)/ c C 1 [0,1] , 0 < ε < 1/6) then the inequality holds |(B 1h z, z) h | ≤ (1 − ε) z 2 B h , z ∈ H h . Lemma 8. If a ∈ C 2 [0, ξ] ∩ C 2 [ξ, 1
] then the inequality holds
where C is constant depending on ξ. It follows from lemmas 2, 7 and 8 that for sufficiently small h max the a priori estimate is valid
Summing the integral representations
we find the estimate
In an analogous way, we obtain
Using a known estimate for an expression of the form a − T
The formula
and the imbedding theorem give
¿From the obvious inequality
by applying imbedding theorem, we find
The addendum ϕ 26 can be estimated in a similar way as ϕ 1
The integral formula
For x = ξ we set
¿From the integral representation
by applying of imbedding theorem we obtain
In a similar way, from the formula
we find (3.50)
From (3.42)-(3.48), analogous estimates for x > ξ, (3.49) and (3.50), we obtain the estimate for ϕ 2 : (3.51)
Finally, from (3.40), (3.41) and (3.51) we get the required estimate for the rate of convergence of the difference scheme (3.37), (3.11), (3.12):
Theorem 3. Let the assumptions of the third part (iii) of Lemma 4 hold. Then
Problem with dynamical boundary condition
Let us consider the initial-boundary value problem for the heat equation with dynamical boundary condition at x = 0 (cf. [7] , [28] ):
where, as in Section 3,
The problem (4.1)-(4.3) can be reduced to a problem of the form (3.1)-(3.3) using even extension of the input data:
, for x ∈ (−1, 0). It easily follows that the solution u(x, t) also can be extended by even fashion on (−1, 0) × (0, T ) and it satisfies the conditions
The problem (4.4)-(4.6) can be written in the form (2.1) if one lets H = L 2 (−1, 1),
If w(x) is an even function on the segment (−1, 1), then , for w ∈ W 2 2 (0, 1). We define also the spaces W
(Q) and the compatibility conditions hold On the segment [0, 1] we introduce nonuniform meshω h . Let H h be the space of the mesh functions, equal to zero at x = 1. We define the following inner product
and the corresponding norm
We approximate the problem (4.1)-(4.3) by the difference scheme
We also consider higher order approximation of (4.1)
, where θ(x) = 1 for x ∈ ω h and θ(0) = 0, and the following approximation of initial condition (4.3)
Using results obtained in Section 3, we immediately obtain the following result. .7), (4.8) , (4.11) converges and the following error bound holds
If the assumptions of the second part (ii) of Lemma 10 hold then difference scheme (4.7)-(4.9) converges and the following error bound holds
If the assumptions of the third part (iii) of Lemma 10 hold then difference scheme (4.10), (4.8), (4.9) converges and the following error bound holds
Weakly-parabolic equation
Let us consider the initial-boundary value problem:
where K > 0, 0 < c 1 ≤ a(x) ≤ c 2 and δ(x) is the Dirac-delta function. From (5.1) follows, that the solution for (x, t) ∈ Q 1 and (x, t) ∈ Q 2 satisfies the equation
and for x = ξ -the conjugation conditions
Therefore, at fixed t, the equation is elliptic on (0, ξ) and (ξ, 1), and its parabolic character exhibits only in the point x = ξ. The problem (5. .
We set A −1
h (αx) = ν . Then, using the imbedding, [22] : 
